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LQR Controller for an Inverted Pendulum 
on a Cart

Introduction
This worksheet derives the equations that describe the dynamics of an inverted pendulum on a 
cart, creates a linear quadratic state (LQR) controller that stabilizes the position of the pendulum, 
and animates the motion of the controlled cart.

Note: This application uses the LQR command from optional Control Design Toolbox to calculate 
the parameters of an LQR controller. The parameters generated by this command are copied into 
this application. This allows you to run the application without the toolbox.

Model Of Inverted Pendulum on Cart
We will use the following variables and constants in the analysis.

 is the position of the cart
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 is the counter-clockwise angular displacement of the pendulum from the upright 
position

 is the angular velocity of the pendulum
u(t) is horizontal force applied to the cart
L is the half-length of the pendulum
m is the mass of the pendulum
M is the mass of the cart
P is the downward force exerted by the pendulum on the cart
N is the horizontal force exerted by the pendulum on the cart
g is the gravitational constant

Let  and .

is the position of the center of mass of the pendulum.

The acceleration of the center of mass is then:

Rewrite the acceleration in terms of the cart velocity and angular velocity of pendulum.

Apply F=ma in the horizontal (x-direction) to the pendulum.

Apply F=ma in the direction perpendicular to the pendulum.

Apply F=ma in the horizontal direction to the cart.
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Apply  to the pendulum, where  is the sum of all moments about the pendulum's 
center of mass,  is the pendulum's moment of inertia, and  is its angular acceleration.
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The final nonlinear model is:

Linearization and State Space Model
Assign values to the parameters.

The linearization point:

Linearize the system and create a state-space model.

Note that the states are in the order given in z.

Hence, the A and B matrices are:
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The transfer function of the system is: 

Controllability and Observability Matrices
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The controllability and observability matrices have full rank; hence, the system is controllable and 
observable.

4
4

The eigenvalues of A:

The poles of the transfer function are: 

The eigenvalues are equal to the poles of the transfer function since the system is controllable and 
observable. Since there is an eigenvalue in the left half plane, the system is unstable.

LQR Controller Design
Specify the weights on the input variables.

Note: The following command uses the optional Control Design Toolbox. The output of this 
command is copied below so that you can use this application without the toolbox.
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Hence, the controlled input is:

Simulate the Controlled System
Substitute the controller into the system equations.

The initial conditions (note that the angle of the pendulum is not vertical):

The angular displacement of the pendulum with respect to time.
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The cart displacement with respect to time.
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The pendulum returns to its upright position and the cart returns to its initial position, as intended 
by the design of the controller.

Animation of Controlled Cart
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