Basics: Working with arbitrary distributions

mathStatica adds about 100 new functions to Mathematica. But most of the time, we can get by with
just four of them:

furmion ri=Edeatetimh)

FlotDensityv[ f] Plotting fautorsated)

Expect [x, ] Expectationoperator  F[X]
Braob[x, [] Probahbility P =x)
Transform[egn, 1] Transformnations

Table 1: Core functions for arandom variable ¥ with density

This ability to handle plotting, expectations, probability, and transformations, with just four
functions, makes the mathStatica System very easy to use, even for those not familiar with
Mathematica.

Toillustrate, let us suppose the continuous random variable £ has probability density function (pdf)

fx = for x= @, 17,

1
gy l—xx '

We enter this as:

i

Jl'","i—I’\"';;

Thisis known as the Arc--Sine distribution. Hereisaplot of 7(x:

m(1]:= £ = domain[f] = {x. 0O, 1}:

mz]:= PlotDbensity[£];

ks

Fig. 1. The Arc-Sine pdf

Hereis the cumulative distribution function (cdf), =% which also provides the clue to the
naming of this distribution:

nz:= Prob[x, £]

2 ArcSin[«E]
oufily ———



The mean, #X1, is;

h[d]:= Expect[x. £]

Cut[d] !
ut[d]= —
2

whilethe variance of ¥ is:

mE:= Yar[x. £]

Cgk[3] !
ut[a]= —
g

The ™ moment of % is Ax71:

Inji]:= Expect[x™. £]
1
This further assumes that: {r::- ——}
2

r[Z +x]
2
Cut[f]=

JET[L+x]

Now consider the transformation to a new random variable ¥ such that ¥=+"x . By using the
Tr ansf or mand Tr ansf or nExt r enumfunctions, the pdf of ¥, say ¢, and the domain of its
support can be found:

7= O = Transfnrl[y =T f]

ut[7]=

AT
nisl= domain[g] = TransformExtremum[y == x. f]
outldl= {¥. 0. 1}
So, we have started out with a quite arbitrary pdf 1%, transformed it to a new one %7, and since

both density g and itsdonai n have been entered into Mathematica, we can also apply the
mathStatica tool set to density &. For example, use Pl ot Densi t y[ g] to plot the pdf of ¥=+x .



Discrete Random Variables

mathStatica automatically handles discrete random variables in the standard way. The only
difference is that, when we define the density, we add a flag to tell Mathematica that the random
variableis{ Di scr et e} . Toillustrate, let the discrete random variable X have probability mass

function (pmf)

r+x—-1

. ]p’ﬂ -, forxein,l,z, .},

f = Par=x = |

Here, parameter ¥ isthe probability of success, while parameter ¥ isapositive integer. In
Mathematica, we enter this as:

In[1]:= f = Binomial[r+z-1, x]p" {1-p}*;
domain[f] = {x. 0, =} && {Discrete} && {[{0«<p«<1, r>0, r = Integers};

Thisis known as the Pascal distribution. Hereisaplot of fix:

In[2]:= PlntDensity[f ;. {p - % I 10}];
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Fig. 1: The pmf of a Pascal discrete random variable

Hereisthe cdf, equal to Fix=x;
n2:= Prob[x, £]

o= 1- ! (il —py e pF P v r 4 Floor [x] ]
T[] T [2+Floor[x]]

Hypergeometric2F1[1, 1 +r +Floor([x]. 2 +Floor[x]. 1-p])

The mean X1 and variance of ¥ are given by:

n[d]:= Expect[x. £]
1

Ouyt[d]= [—1 + —] r
D

m[s]:= Yar[xz., £]



E-pr

Ent[5]=

The probability generating function (pgf) is &t 1:
In[i]:= Expect[t™. £]

oufel= p° (1+ (-1+p)1 1™



Fisher Information

The Fisher Information on a parameter is easily derived using mathStatica's
Fi sher | nf or mat i on function. To illustrate, let X ~ InverseGaussianizs, ) with pdf fix:

I (x-m*
2 mxd Exp[-2 I:

212 x
{x. 0, =} && {p>0, A>0);

In[1]:= f

domain[f]

Then, Fisher’s Information on . 41 jsthe =21 matrix
nz]= FisherInformation[{pa, A}, £]

0
1
FER

2=

o T'E,;.ly




Parameter-Mix Distributions

The notation:

Poizaonien) ,.""".\ Tnsrerzeanssianu, A)
iz

denotes a Poissoni®) distribution in which parameter @ (instead of being fixed) has an
TererseCranssian(e, A1 distribution. We wish to find the unconditional distribution of ¥ ...

Given: The pmf of ¥|® =8 ~ Poisson®) s Fixé

e’ gt )
x!
domain[f] = {x. 0, =} && {0330} && [Discrete}:

In[1]:= £f =

Given: The pdf of parameter @ ~ InverseGaussian(y, A) | 3 &, 4)

A {9 - my?
In[2]:= = E -A—|:
" T =4 2xne = 2120 ]

domain[qg] {8, 0, =} && fp>0, Ax0);

Then, the parameter-mix distribution is the expectation Erix &1 with respect to the distribution of T .
The solution with mathStatica iISSmply:

mz=h = Expect[f. g]

1 1 1
ey f% AT (R0 g g 2§ 2 BesselK[% . —«.':ac::zﬂ:u]

oyt[3]=
x!

with domain of support:

4= domain[h] ={x. 0, =}&& {p>0, A >0} E&& {Discrete};

Thisisknown as Holla's distribution. Hereis aplot of its pmf when «=5 and +=12:

5= PlotDensity[h /. {5, A= 12}];




Moment Conver sion Functions

mathStatica allows one to express any moment (raw £, central i, or cumulant ?) in terms of any
other moment (i, W, or ?). For instance, to express the second central moment (the variance)
t, = H (X —H¥1"] in terms of raw moments, we enter:

h[1]:= CentralToRaw[2]
2.
Qull]= fy = —Ly L

Thisisjust the well-known result that «, = Bx°1- (Fx1* . Asafurther example, hereisthe sixth
cumulant expressed in terms of raw moments:

n[2]:= CumulantToRaw[6]

ouzle K - 1200 + 36040 fu - 27048 [E +30 4 -
3 o0 ¢ 2 2o P oo .-
120 fy fo + 1200 fy fy foy - 100G + 30 L Ly - 1B o fg - 6 fy fig + [

The moment converter functions are completely general, and extend in the natural manner to a

multivariate framework. Here is the trivariate central moment #+.z,2 expressed in terms of triivariate
cumulants:

nz:= CentralToCumulant[{4, 2, 2}]

Ou[3= fgz2 + 24 xi'i';l xilﬂi' +12 ¥ ,2,0 Kicu Kzoon + 48 My 0,1 X101 Ha,1,0 X, t
12 a0,z KilJn Fz.n,0 +24 -‘Ci1}1 Mpoo0+24 K 10X ,1,2 K00 F
123 0,2 ¥1,2,0 ¥z,0,0 + 24 X1 ,0,1 ¥1,2,1 ¥z,0,0 + B -‘ng1J1 -‘éJnJu +
3 ¥o,0,2 Ko,z,0 Kg,n,u +3 Xo,z2,2 -‘ﬂg,u,n +48 M 10 %,1,1 X0t
243y 0,0 X¥1,z,0 Mo, H1E3 M 21 XeLo,0 Mo, B Mo,z 0 -‘éJnJl +
12 -‘f%,l,n Hpoo,z+ B Xo,z,0 ¥e,o,0 X0,z t 24 X,0,2 X,1,0 B0t
48 X1,0,1 ¥1,1,1 ¥e, 1,0 *12 Ko, 1,2 Ko o0 Ke,1,0 24 X011 X0l M0t
6 Xy, 0,z “éJLu + 4830 0,0 1,0 By, 22 K0 M o,0 ey, 12 K%J1J1 +
12X 1,0 ¥2,1,2 v 12 JC%J.:.Jl ¥ooo+6Xoo,2¥e00¥e,2,0 v 6 Ke 02X ,207
12k 0,0 X, 2,1+ 62 0,0 Xe,2,2 820 2,1 ¥1,0,1 ¥s,0,0 + 3 20,20 ¥1,0,2 X 0,0 +
Sxg,1,2 1,10 ¥s,0,0 162 1,1 X,1,0 0,0 M0,z KLe0 Me0,0 t
4X1 2 2X00+v8 X 20%1,0,1 %,0,1 v10 K011 %1,1,0K5,01 3K 2,1 ¥,0,1 F
X120 M0,z 102 11 X101 M, 1,0 v 8 X002 M0 M0 F 8K e M0t
6ma ¥+ 8M 0%, 1,2+ 3 0,2 %20+ 8 X010 X210 +
2 -‘%J1J1 Ka,0,0 +¥p,0,2 ¥o,2,0 ¥q,0,0 *Ho,z,2 ¥a0,0 Y2 Xp,2,1 Ba,0,1 F
¥o,z,0 Ka,0,2+ 2K, 1,2 ¥a,1,0 + 4 X0,1,1 ¥e,1,1 + Ko0,2 K20t K2



Unbiased Estimation of Population M oments,
Moments of Moments

mathStatica can find unbiased estimators of population moments. For instance, it offers h-statistics
(unbiased estimators of population central moments), k-statistics (unbiased estimators of population
cumulants), multivariate varieties of the same, polykays (unbiased estimators of products of
cumulants) and more. Consider the k-statistic k- which is an unbiased estimator of the »™ cumulant
% that is, B&1=%  for r=1,2, ... . Herearethe 2™ are 3" Kk-statistics:

k1= k2 = EStatistic[2]
k3 - EStatistic[3]

—s% + 11 52
outfil= kp » ——— =
[-1+nln

23?—3n31 Sa +nt S5

w2l Ky =+
[-2+n)] (-1l+nln

As per convention, the solution is expressed in terms of power sums ¢- = 2.

=1

Moments of moments Because the above expressions (sample moments) are functions of random
variables X: , we might want to calculate population moments of them. With mathstatica, we can find
any moment (raw, central, or cumulant) of the above expressions. For instance, ¥ is meant to have
the property that fks1=%xs . We test this by calculating the first raw moment of ks , and express the
answer in terms of cumulants:

nz:= PFavHomentToCumulant[1, k3[21]
Out[3l= s

In 1928, Fisher published the product cumulants of the k-statistics, which are now listed in reference
bibles such as Stuart and Ord (1994). Here is the solution to *z,z s, k2 ;

h[d]:= CumulantHomentToCumulant[{2, 2}, {k3[020. kK2020}]

288 n g , 288 (-23+10mn) 2 32 .
(-2+n) (-1+mn)? (-2+n) (-1+mn)?
360 (-7 +4m) 1 xy , 36 (160 - 1EEn + 38 n%) 22 xy .
(-2+mn) (-1+n)? (-2+n) (-1+n)%n
36 (93 -103n+29n) K K5 , 24 (202 - 246 n+ 710 ko x5 25 .
(-2+n) (-1+n)%n (-Z2+n) (-1+m)¥n
2 (113 -164n +59n?) x2 L6 (=131 + 67 1) 23 g .
(-1+mn)®n? (-2+n) (-1+n)¥n
3 (11?—166n+61n2j|x4x6 6 (27 +17n) x5 Xy 37K X Xia
(-1+mn)®n? " (-1 +mn)?n? l (-1+mn)n? +F

nt[d]=

Thisisthe correct solution. Unfortunately, the solutions given in Stuart and Ord (1994, equation
(12.70)) and Fisher (1928) are actually incorrect.



Multivariate Random Variables

mathStatica extends naturally to a multivariate setting. To illustrate, let us supposethat « and ¥ have
joint pdf rix. ¥ with support x=0, ¥=0:

@—2 [X+¥) {‘EI“' + o {@I - 2} {@' - 2}}:
({x. 0. =}. {7. 0. =)} && {-1<ca<1}:

In[1]:= f
domain[f]

where parameter ais such that -1 =«=1_ Thisis known as a Gumbel bivariate Exponential
distribution. Hereisaplot of fix. ¥ :

Fig. 1. A Gumbel bivariate Exponential pdf when «=-0.8

Hereisthe cdf, namely FiX=x ¥ =y
2= Prob[{x, ¥}. ]
oufzls e UMY (e ey (1e ) (@ v a)
Hereis CoviX, 71 | the covariance between ¥ and ¥:
m[z= Cov[{x, ¥}. ]

Dut3] =
Wk[Sl= —
4

More generally, here is the variance-covariance matrix:

Inf4]:= Yarcov[£]

S
4
1

Hereisthe marginal pdf of Z:

Outfd]= [

R

m5= Hargimal[x, £]

outS]= e



Hereisthe conditional pdf of ¥, given ¥=x;
hE]:= Conditionmal[y. £]
Here iz the conditional pdf £ (v | €7 :
oufpl= @ S Y @t L s a 6™y -2+ eY) a)
Hereisthe bivariate mgf &t *277:
7= mgf = Expect[a 1% %2¥ _f]

Thiz further azzumez that: {t; <1, tz < 1}

4-2ty+ty (2 (1+a) ta)
[—2+L1) (-1+t1) (-2+t2) (-1+1L;)

Cut[Tl=
Differentiating the mgf is one way to derive moments. Here is the product moment #x* ¥*1:
mz]= DImgf. ft1. 2}. {ta. 2}]1 /. t_ - 0 // Simplify
out[E]= 4+ E
4
which we could otherwise have found directly with:
)= Expect[z® ¥ . £]

vy
outfd]= 4+ —
4

¥
Multivariate transformations pose no problem to mathStatica either. For instance, let "= Tiv and

1
V=Tv denote transformations of ¥ and ¥. Then our transformation equation is:

¥ 1
In[10]:= eqn = W == . Wo== .
{ 1+x 1+x }

Using Tr ansf or m, we can find the joint pdf of random variables ¢ and ¥, denoted #. ¥

[11]:= g = Transfora[eqn. £]

=2 =2 udr 1+i l 1+u
E v derag-2¢ va-ZEva+e ¥ [1+a)

ot 11]=

-

while the extremum of the domain of support of the new random variables are:
m(12]:= TransformExtremumfeqn. £]

Cut[12]= {fu, O, =}, {v. 0, 1}}



Non-Parametric Kernel Density Estimation
Examplel: Kernel density estimation

Here is some raw data measuring the diagonal length of 100 forged Swiss bank notes and 100 real
Swiss bank notes (Simonoff, 1996):

(1= data = ReadList["sd._dat"]:

Non-parametric kernel density estimation involves two components:
(i) the choice of akernel, and (ii) the selection of a bandwidth.

Here we use a Gaussian kernel 7:

2= £ = ¢ : domain[f] ={x, -=_. =};
2’

Next, we select the bandwidth <. Small valuesfor ¢ produce a rough estimate while large values
produce avery smooth estimate. A number of methods exist to automate bandwidth choice;
mathStatica Implements both the Silverman (1986) approach and the more sophisticated Sheather
and Jones (1991) method. For the Swiss bank note data set, the Sheather--Jones optimal bandwidth
(using the Gaussian kernel 1) is:

nz:= ¢ = Bandwidth[data, £, Hethod — SheatherJones]

owf3= 0. 200059

We can now plot the smoothed non-parametric kernel density estimate using the NPKDEPI ot [ data,
kernd, c] function:

In[4]:= HPEDEPlot[data. £. c]:

139 140 141 142

Fig. 1. The smoothed non-parametric kernel density estimate (Swiss bank notes)

Example2: Family of Curves — ew:

Instead of presenting a single curve estimate corresponding to a single bandwidth, Marron and
Chung (2001) argue that it is beneficia to present afamily of curves corresponding to a range of
different bandwidths. The family of curvesreveas deeper structure, can show more informationin a
single plot, and can make it easier to select an appropriate bandwidth.



To illustrate, we consider Parzen’ s (1979) yearly ‘ Snowfall in Buffalo' data (63 data points collected
from 1910 to 1972, and measured in inches):

In[1]:= data = ReadList["snowfall. dat®]:

Kernel: We shall use an Epanechnikov kernel 1 here:

3 2 .
In[2):= £ = 2 (1-x°): domain[f]={x. -1. 1}:

Bandwidth: We shall select gqq = 11 different bandwidths, ranging from a minimum (bumpy) to a
maximum (smooth), as follows:

In[3]:: qq = 11; cain=14_5; cmax = 22:

CRAIX

i-1
¢ = Table[cmin [ }m. {i. 1. qq}] // N

cmin

Out[3]:=
14 6, B 27392, 6.18094, 7. 24395, §.458975. 9.94957. 11.6611, 13 6666, 16.017, 18. 7716, 22. 1}

Then, in mathStatica 1.2, the selected family of curvesis neatly obtained with:

In[4]:= NPEDEFlot[data, £, c]: /¢ Timing

0. 025
=
o, 02 ¢

0o.016 L

0.005

20 40 il B 100 120 140
out[4]:= {0. 875 Second, Null}
References
Marron, J.S. and Chung, S.S. (2001), Presentation of smoothers: the family approach, Computational
Satistics, 16, 195-207.
Example3: SymbolicNPKDE — ®ew:
Non-parametric kernel density estimation is highly computationally intensive. Consequently, some

computer programs try to resolve the speed problem by computing the kernel density estimate using
approximate / inexact methods that reduce the amount of computation involved. Such methods do



not calculate the desired estimate per se; rather, they provide an approximation of the estimate. By
contrast, mathStatica always uses exact methods, and so tries to tackle the speed problem by using
carefully optimised code.

To illustrate that mathStatica's NPKDE function calculates the kernel density estimate using exact

methods, we now provide a completely algebraic / symbolic example. Suppose we select an
Epanechnikov kernel 5

3 2 .
In[1]:= £ ol {(1-x°): domain[f]={x. -1. 1}:
... and that %1, ... 1.} isarandom sample of sizen = 10:
In[2]:= Zdata = Thread[zhngt[m]]
out[2]:= 15, %, 5. %, B 0%, . % . !

Then, for any arbitrary bandwidth bin, the symbolic non-parametric kernel density estimator,
calculated at an arbitrary point X, is.

In(3]= NPEDE[z. Xdata. £. bin]
Out[3]:=
¥-X 3 A ¥ - 3 - 12
[If[_ig Lo, 2 |1- 1]],D]+If’—1£ P R P 2]],D]+
10bin bin 4 bin bin 4 bin
x - K] x - 2 - 3 x_ 2
If[—15 Xﬁii,—[i—[ Xﬁ]],ﬂ]+lf[—1£ X"ﬁi,—[i-[ X“]] D]+
bin 4 bin bin 4 bin
X - 3 X - z - 3 ¥ _ 2
If’—iﬁ ngi,—[i—{ XE]],EI]+I£’—1£ %4 _[1-{ Xé]],ﬂ]+
bin 4 bin bin 4 bin
¥ -X 3 ¥ a2 - 3 ¥ - z
If[—iﬁ ?51,—[1-[ ?]],D]+If[—1£ Xsii,—[i—[ Xﬁ]] u]+
bin 4 bin bin 4 bin
X - 3 X - 2 - 3 - 2
If’—iﬁ X"gi,_[i_[ X"]],D]J,If[_ig 1”51,—[1-[ m]] n]]
bin 4 bin bin 4 bin



Order Statistics

Example 1: Continuous Logistic distribution

Let random variable X have aLogistic distribution with pdf 1%

IE_I

|n[1]:: f = m; ﬂDlﬂ.in[f] = {I, =0, III}:.
Let 1. Xz, ... %) denote asample of size n drawn on X, and let @w. fiz). ... Xpa) denote the ordered

sample, so that ¥w <¥er < <X  The pdf of the r M order statistic, ¥ | is given by the mathStatica
function:

In[2):= Ordertat[r. £]

lee ™1 (1ee) 1™ p

Mm-r)1!'(-1+zx)!

out[2)=

The following diagram plots the pdf of ther " order statistic, as r increases from 1 to 10, givena
sample of size n = 10:

Thejoint pdf of = and %= , for <+, isgiven by:
In[3]:= OrderStat[{r. s}. 1]

E —Ey 4y =T ie oy —lnts 1 _ 1 4=
e (L+e™]¥ (14e%) |:_1+exr _1+e?'55] T[1+n]

Out[3]:=
[-e%r +@* ) T[r] T[l+n-5] T[-r + 5]

Example 2: Discrete Negative Binomial distribution ~ #ew?

A new feature in mathStatica 1.2 isthat the Or der St at function now also supports discrete
random variables. To illustrate, let random variable ¥ ~ HegativeE inomial(p, 41 with pmf i)



f = Binomial[A+x-1, A-1]1p" {(1-p)*:

In[1]:= domain[f] = {x. 0, o} && {D<p<1., A:0}&& {Discrete}:

Let 1. ... %) denote arandom sample of size n drawn on X, and let @u. --.. ¥) denote the order
statistics.

Then, the pmf of ther ™ order statistic, ¥+ , denoted £, is given immediately by:
In[2]:= g =0rder5tat[r, £]

Oout[2]:=
1

EBeta[r. 1+n-r]

(1—pj"p’7‘1'[x+).] HypergeometricZF1[1, x+34. 1+x, 1-p]
—Beta[i— ,r,1+n—r]+
T[1+=x] T[]
(1-pi* p* T[4+ %+ 2] Hypergeometric2F1[1, 4 +x+2. 2+%. 1 -1]
Beta[i— . 1+n—r]
T[2+x] T[]
with domain of support:
In[3]:= domain[g] = OrderStatDomain|[r. £]
out[3]:= {fx. 0, =} &8 ne Integers, r e Integers, A-0, 0<=p <1, 1=r =n}&s {Discretel

1

The following diagram plots the pmf of the r " order statistic that we have just derived, when z= -

A=4 and r = 1 and the sample sizeis n = 10:

h |
In[4]:= PlotDensity[g /. {p - e A- 4. r=1. n-10}]:
g
.
[ ]
0.02 L
* L ]
0.06 L] .
- [ ]

0.04 -

- ™
0.02 . ’.

- [ ]
» Teeaa

0 3 10 13 20 ]



Pear son Fitting

Karl Pearson showed that if we know the first four moments of a distribution, we can construct a
density function that is consistent with those moments. This can provide a neat way to build density
functions that approximate a given set of data. For instance, for a given data set, let us suppose that:

w[1]= mean = 37.875;
fiysq = {191 55, 1888.36, 107703 3):

denoting estimates of the mean, and of the second, third and fourth central moments. The Pearson
family consists of 7 main Types, so our first task isto find out which type this data is consistent with.
We do thiswith mathstatica's Pear sonPl ot function:

[z]= PearsonPlot[fi,;,]:

{f1 - 0.507368, B, — 2.93538)

The G, Gz Chart for the Pearson System

5 TI

0.3 0.a 0.2 1.2 1.3 1.8
By

Fig. 1. The 51,8 chart for the Pearson system

The big black dot in Fig. 1 isin the Type | zone. Then, the fitted Pearson density ! and its domain
areimmediately given by:

= {f. domain[f]} = PearsunI[lean, T x]

owlE= {9.62522x107° (94 3127 -1, 17 T —1s groe+ 1. 0T g 48 5709, 94 312710

The actual data used to create this example is grouped data depicting the number of sick people
(freq) at different ages (X):

17, 22, 27, 32. 37, 42, 47, 52, 57, 62, 67, 72, 77, 82, 87}:;
34, 145, 1566, 145, 123, 103, 86, 71, 65, 37, 21,13, 7. 3. 1}:;

In[d]:= X

= {
freq=1{

We can easily compare the histogram of the empirical datawith our fitted Pearson pdf:

5= FrequencyGroupPlot[{Z, freq}. £]:



o0.02s |

0.003

|

20 40 [=11]

a0

Fig. 2: The data histogram and the fitted Pearson pdf




Piecewise Distributions

Some density functions take a bipartite form. To illustrate, let us suppose ¥ is a continuous random
variable, #=x=1 with pdf

where =<1 \We enter this as:

[:_
In[1]:= f = If[x<c.2 .2
C

domain[f] = {x. 0, 1} && {0 <c<¢1};

Thisisknown asthe Inverse Triangular distribution, asis clear from aplot of 7, asillustrated in
Fig.Ud1.

in[z]:= PlotDensity[f /. c— {% . % %}];

0.z 0.4 n.a 0.3 1

Fig. 1: The Inverse Triangular pdf, when = ; (bold),  (plain), - (dashed)

Hereisthecdf, PX=x;
nz:= Prob[x, £]

Note that the solution depends on whether << or x= <. Figure 2 plots the cdf at the same three
values of ¢ used in Fig.1.



A

0.z 0.4 0.6 0.8 1

Fig. 2: The Inverse Triangular cdf, when c= = (bold), 5 (plain), ~ (dashed)

mathStatica operates on bipartite distributionsin the standard way. For instance, the mean f%1 is
given by:

n[d]:= Expect[x. £]

Curfd] ©
ut[d]l= —
3

while the entropy is given by H-leg(f ()]

n5:= Expect[-Log[f]. ]

1
Out[5]= E -Log[2]



Pseudo-Random Number Generation

Let ¥ be any discrete random variable with pmf fix). To illustrate, suppose ¥ ~ Poiszon(d) ;

—.J.)l:l:

m(1]:= £ = F.A=+6B; domain[f] ={x. 0, =} && [Discrete}:

x!

We now generate 20 copies of X:

n2]:= DiscreteRNG[Z20, £]

owfzl- {11, 1, 7.3, 4.8, 6, 9. 6,5, 5, 7,6,13, 5, 8.5, 6.6, 6)
Here, in afraction of a second, are 50000 more copies of *:

n3= data = DiscreteRNG[H0000, £]; // Timing

out[3l= {0, 39 Second. Hull}
Contrast the empirical distribution of dat a with the true distribution of *:

h[4]:= FrequencyPlotDiscrete[data, £];
£

0.13

0.123
0.073

0. 025 %
i

[ . L L -"* i . g &
0 2.5 =1 7.3 10 12.5 15 17.5

Fig. 1. The empirical pmf (red triangles) and true pmf (blue circles)

The triangular dots denote the empirical pmf, while the round dots denote the true density rx. One
obtains a superb fit because mathStatica's Di scr et e RNGis an exact solution.



Symbolic Maximum Likelihood Estimation

Although statistical software has long been used for maximum likelihood (ML) estimation, the focus
of attention has almost aways been on obtaining ML estimates (a numerical problem), rather than on
deriving ML estimators (a symbolic problem). mathStatica makes it possible to derive exact
symbolic ML estimators from first principles with a computer algebra system.

For instance, consider the following simple problem: let %1, ... ) denote arandom sample of sizen
collected on & ~ Raleizhiz), where parameter @+ U isunknown. We wish to find the ML estimator of
S. We begin in the usual way by inputting the likelihood function into Mathematica:

2
XI; Iy
m[(1]:= L = Exp|- :
| | o2 [ 2 o2 ]

i=1

If we try to evaluate the log-likelihood:

n[2]:= Loog [L]

.
E 2y,
Out[2]= Lu:u;r[ —2]
iz
izl

... nothing happens! (Mathematica assumes nothing about the symbols that have been entered, so its
inaction is perfectly reasonable.) But we can enhance Log to do what is wanted here using the
mathStatica function Super Log. To activate this enhancement, we switch it on:

3= SuperLog[0n]

SuperLog is mow Om.

If we now evaluate Log[ L] again, we obtain a much more useful result:

[d4]:= 1logL = Log[L]

n
x2

n . i
out[d]= -2 nLog [ a] +ZLD'J[X11 - ;;2
sl

To derive the first-order conditions for a maximum:

h5)= FOC = D[logL. o]

N2
x5
Zi:l N

2n
out[Sls - —— + =
a

... we solve FOC==0 using Mathematica’ s Sol ve function. The ML estimator & isgivenasa
replacement rule-> for s:

k= & = Solve[FOC == 0, &][2]]

2aa®
e

Cuk[f]= {ﬁ -



The second-order conditions (evaluated at the first-order conditions) are always negative, which
confirmsthat & isindeed the ML estimator:

In[7]= S0C = D[logL,. {&. 2}] /. &

n2

out[T]= -

Finally, let us suppose that an observed random sampleis 1. %, 3. 4} :

mEl= data = {1. 6. 3, 4};
Then the ML estimate of s is obtained by substituting this data into the ML estimator ¢ :

k9= & /. {fm—+4, x; > data[ill}

Cuk[9]= {-5 - ? }

Figure 1 plots the observed likelihood (for the given data) against values of s, noting the derived
VN

exact optimal solution & = —-

000033 b
0.000% f
00003 b
0000z b
000013 b
0.0001

000003

Fig. 1: The observed likelihood and &
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