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Summary

This document presents a concise review of the quantitative decision-making, modeling and optimization
paradigm, with an emphasis on nonlinear models. We introduce the Global Optimization Toolbox to solve such
models and illustrate its use.

Decision-Making and Optimization

In today’s competitive global economy, government organizations and private businesses all aim for resource-
efficient operations that deliver high quality products and services. This demands prudent, effective and timely
decisions in an increasingly complex and dynamically changing environment.

To illustrate this point, one can think of decisions related to strategic, tactical, and real-time decision-making in
areas such as:

agricultural planning
biotechnology

data analysis

distribution of goods and resources
emergency and rescue operations
engineering systems design
environmental management
financial planning

food processing

health care management

inventory control

manpower and resource allocation
manufacturing of goods

military operations

production process control

risk management

sequencing and scheduling of operations
telecommunications

traffic control

Operations Research (O.R.) is a comprehensive, scientifically established approach: its practical purpose is to
assist analysts and decision-makers in making well-established quantitative decisions. The central objective of
O.R. is optimization: that is, “to do things best under the given circumstances”.



With varying emphasis on certain parts of this “definition” of O.R., many closely related disciplines have emerged
(with significant overlaps among them): decision analysis, systems analysis, management science, control theory,
game theory, optimization, constraint logic programming, artificial intelligence, fuzzy decision-making, multi-
criteria analysis, and so on are all aimed at finding better decisions. Also included are business applications such as
supply-chain management, enterprise resource planning, total quality management, just-in-time production and
inventory management, materials requirements planning, and others. All of these are ultimately related to making
efficient quantitative decisions.

Following the optimization paradigm, the decision-maker selects the key variables that will influence the quality of
decisions. The latter is expressed by the objective function that is maximized (profit, quality, speed of service or
job completion, and so on), or minimized (cost, loss, risk of some undesirable event, etc.). In addition, a set of
(physical, technical, economic, environmental, legal, societal) constraints is also considered, when selecting a
“good” (feasible) solution or the “very best” (optimal) solution, in the context of the problem formulation.

This document reviews the main steps of quantitative decision modeling and problem solution, with a particular
emphasis on using Maple " and the Global Optimization Toolbox in this process. A list of illustrative references is
also provided.

Modeling and Solution Procedure

A formal procedure aimed at making optimal decisions includes the following main stages:

1. Conceptual description of the decision problem at a suitable level of abstraction, retaining only the
essential attributes, while omitting secondary details and circumstances.

2. Development of a quantitative model that captures the key elements of the decision problem, in terms of
decision variables and the relevant functional relationships among these (as expressed by constraints and
objectives).

3. Development and/or adaptation of a systematic (algorithmic) solution procedure, in order to explore the
set of feasible solutions, and to select the best decision, or a list of good alternative decisions.

Numerical solution and its verification; interpretation and summary of results.

Posterior analysis and implementation of the decision(s) found.

The problems tackled by O.R. and related disciplines are often so complex that the correct model and solution
procedure may not be clear at the beginning. For example, drawbacks to a model or solution approach that looked
promising in Steps 2 and 3 may only become apparent at Step 4, either because the solution failed to capture the
key attributes of the decision problem identified in Step 1, or because the solution approach was not
computationally tractable.
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Figure 1 Formal modeling and solution process for making optimal decisions

Therefore, decision makers often must carry out the steps outlined above in an iterative fashion (see Figure 1).
That is, they repeatedly refine the model formulation and solution procedure until the numerical solution captures
the essence of the problem, is computationally tractable, and is deployable in a real setting. When the solution
meets these three criteria (in the eyes of the decision makers), the decision can be implemented.

One can see that Steps 1 and 2 require an element of modeling “art” in addition to mathematical knowledge. Step
3 requires not only knowledge but also “taste” to find a suitable, computationally tractable approach to solving the
problem. Steps 1, 4 and 5 greatly benefit from interaction with the actual decision-makers or users of the decision
support system (DSS) developed. The importance of these points to obtaining meaningful, deployable solutions to
real-life decision problems (and thereby also to increasing the visibility that the field of O.R. rightly deserves) can
not be overemphasized.

Optimization Models and Solution Strategies

To formalize the constrained optimization paradigm, we shall use the following notation:

e xdecision vector, an element of the real Euclidean n-space R"
e  f(X) objective function, f: R"—> R

¢ D non-empty set of admissible decisions, defined by

e xl, xu explicit, finite bounds of X (an embedding “box” in R")

e g (X) m-vector of continuous constraint functions, g: R" — R™.

In this notation, the optimization model can be concisely stated as

(1) min f(x) xeD={x: xI = x < xu, g(x) = 0}

Under fairly general analytical conditions, the model (1) has one or more optimal solutions. (For example, if D is

non-empty, and f is continuous, then the model has a global solution set.) At the same time, finding globally best
solutions may be numerically difficult.



To illustrate this point, consider the following simple one-dimensional instance of (1).
(2) min x*— 10 sin(X* - 3x +2), -5 < X <5

A plot of this function is shown in Figure 2.
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Figure 2 A multi-extremal function

Now, if we use “traditional” local scope search methods, then — depending on the starting point of the search — we
will arrive at locally optimal solutions of varying quality. (See the “valleys” in this figure that could trap local
search methods.) In order to find the globally optimal solution, a genuine global scope search effort is needed. In
higher dimensions, the complexity can increase rapidly, as shown by the direct two-dimensional analogue of the
model. Note that we have changed the box region bounds in order to make the generated example a bit more
realistic (by removing some artificial symmetry). See Figure 3.

Figure 3 A two-dimensional extension of the model in Figure 2

Nonlinear models are ubiquitous in many applications in advanced engineering design, biotechnology, data
analysis, environmental management, financial planning, process control, risk management, scientific modeling,
and others. In many of these models, a global search approach is effective in finding the globally optimal solution.



Maple for O.R. Modeling and Optimization

Maple is a fully integrated scientific and technical modeling and computing environment. It enables the
development of sophisticated documents that combine description, calculations and visualization, with numerous
supporting features, such as on-line documentation, debugging, code generation, and so on. All of these
capabilities accelerate and expand the scope of optimization model development and solution.

Features of Maple that pertain especially to the modeling and solving of optimization problems include the
following:

e performance scales well to modeling large, complex problems

e  supports rapid prototyping and model development

¢ has an extensive set of built-in mathematical and computational functions

e  has comprehensive symbolic calculation capabilities

e  supports advanced computations with arbitrary numeric precision

o s fully programmable (thus extendable by adding new functionality)

e  has sophisticated visualization tools

e supports advanced technical documentation, desktop publishing, and presentation
e  provides links to external software products

e is portable across a broad range of hardware platforms and operating systems

e  can export its results into source code for other programming languages, such as C and MATLAB

The Global Optimization Toolbox

The core of the Toolbox is the LGO (Lipschitz Global Optimizer) solver suite. LGO is based on award-winning
research published e.g. in professional books and articles (see the related references). LGO has been used in both
commercial and academic applications for more than a decade.

LGO offers a combined implementation of global and local scope nonlinear solvers. The current LGO
implementation includes the following solver algorithms:

e  branch-and-bound based global search
e adaptive global random search (single-start)
e random multi-start based global search

o reduced gradient approach based local search.

The Maple Global Optimization Toolbox implementation of LGO provides a powerful combination of Maple’s
model development, numerics, and visualization capabilities with the robustness and solver speed of LGO.



lllustrative Applications

Example 1

Let us first show how to solve the model stated in formula (2) using the Global Optimization Toolbox. To load the
Toolbox into a Maple session, we simply use the statement

The model (2) is then solved by the one-line command below; Maple’s result is in blue.

[L9. 9779, [x = 0.14662]]

By contrast, the local solver (that comes with standard Maple releases, invoked using the Minimize function) gives
one of the sub-optimal solutions:

[-2.1125, [x=2.7651]]
Needless to say, this is not a criticism of the local solver: however, it shows the limitations of a local scope

approach — unless one knows a priori where to initiate the search. Clearly, this would not always be a very simple
task: recall the (merely two-dimensional) function in Figure 3.

Example 2

Let us consider next a somewhat more complicated optimization model as shown below:

min sin?(2 x>+ X y?)+sin’(4 y + X~ 12 X y)

log(1 + x*) + 8 sin(X*—y) < 0.01,

X+y — X +sin(X)—5y < -1.2},

-2 <X<3

4<y<2

The next two Maple statements and corresponding answers show the difference between local and global searches

in a somewhat more complicated model. Notice the constraint definitions, which for added emphasis we place
here on the second line, and the variable bounds (third line):

[0.42623, [x= 047921, p = 2.00007]

(1491 10°%, [x=1.016 101", p = 1.5702]]



Using the interactive solver mode, analysts can directly input a model through the Optimization Assistant dialog
that is part of the Global Optimization Toolbox graphical user interface. This feature supports model prototyping
and fast analysis options, as well as solver mode choices. After solving the model, there is also a graphics option
(Optimization Plotter) that supports model visualization in variable subspaces selected by the modeller.

The next two figures illustrate these features using Example 2: see the Optimization Assistant (Figure 4) and the
Optimization Plotter (Figure 5).
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Further examples — including other tests and more advanced applications with a practical flavour are described in
the interactive, hyperlinked document Applications of the Global Optimization Toolbox available from the
Maplesoft Web site at www.maplesoft.com/products/toolboxes/globaloptimization. The next section lists several
important application areas; see also the illustrative references at the end of this document.



Application Perspectives

We see particularly strong application potentials for the Global Optimization Toolbox in advanced nonlinear
optimization, when the decision model cannot be brought to one of the simple “standard™ forms — notably,
continuous linear programming and its immediate extensions. Three broad classes of such prospective applications
come from the following areas:

e  optimization of complex “black box” systems
e optimal control of dynamic systems

e  decision-making under uncertainty

Such models are ubiquitous in both academic research and in commercial applications of mathematics, physics,
chemistry, biochemistry, environmental science, pharmaceuticals, medicine, finance, industrial engineering, and
other related industries and services.

A few more concrete examples (case studies from the author’s practice) are listed below:

e  acoustics equipment design

cancer therapy planning

e  chemical process modeling

e data analysis, classification and visualization

e economic and financial forecasting

e environmental risk assessment and management

e industrial design

e laser equipment design

e model fitting to data (calibration)

e  optimization in numerical mathematics (parametric integrals and differential equations)
e  optimal operation of “closed” (confidential) engineering or other systems
e potential energy models in computational physics and chemistry

e  packing and other object arrangement design problems

e  robot design and manipulations

e systems of nonlinear equations and inequalities

e wastewater treatment systems management.

Further prospective and actual application areas and examples are welcome: please feel free to contact Maplesoft
or the author of this document, to discuss the applicability of the Toolbox regarding specific areas.

In conclusion, we believe the Maple Global Optimization Toolbox can be put to good use in a rapidly growing
range of professional applications, as well as in research and education.
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